1* Introduction and motivation* All the topological groups hypothesized in this paper are assumed to satisfy the T Q separation property; as is well-known (see for example [18] (Theorem 8.4)), this guarantees that they are in fact completely regular, Hausdorff spaces, i.e., Tychonoff spaces.
The authors' interests in pseudocompact group topologies (defined below) arise, quite independently and to our surprise, from distinct and differing considerations not related at first glance: (a) as a natural class of spaces, considerably broader than the class of compact spaces, with fascinating topological features; and (b) as important tools in the development of topological Galois theory. As to (a) we note that major portions of [33] , [20] , [34] are devoted to questions concerning the existence and the size of dense pseudocompact subgroups of compact groups, while [7] shows that the product of pseudocompact groups is pseudocompact and that the 62 W. W. COMFORT AND T. SOUNDARARAJAN v pseudocompact groups are exactly those whose Stone-Gech compactification is a compact group extension. As to (b) we cite only [26] , [28] , and from [29] the following result: for a normal, separable, algebraic extension E of a field K, the dense, pseudocompact subgroups of the (compact) Galois group G = G(EjK) are exactly those subgroups H with the property that every ϋΓ-isomorphism: F-+E with F countably generated over K extends to an element of H.
The question of altering the topology of a topological group without altering the family of closed subgroups also comes to our attention from two different directions -as a question of interest in its own right in the context of harmonic analysis and, again, as a question with applications in topological Galois theory. In the latter connection, see [28] and [21] . In the former we recall that K. A. Ross [25] has shown that if J7~ and S~' are locally compact group topologies for Abelian G with J7~ compact such that <G, ^~> and <(?, _^~'> have the same closed subgroups, then ^7~ = ^~' if either ά?~ is totally disconnected or J7~f z> ^~\ several of the results of [25] have been extended to the general (non-Abelian) setting by N. W. Rickert [24] and by M. Rajagopalan [23] .
The authors are indebted to James D. Reid for several valuable conversations and suggestions, and to the referee for a helpful report.
2* Notation, definitions and results from the literature* Here for convenient reference we collect a number of results to be used without proof later in this paper. In general, our notations and conventions are guided by those of Hewitt and Ross [18] , which is our principal reference.
We denote by ω the least infinite cardinal. For an infinite cardinal α, the symbol α + denotes the least cardinal larger than α. The symbols Z, R and T denote the integers, the real numbers, and the circle, respectively; in each case the usual algebraic and topological properties are assumed when necessary.
The symbol ~ denotes group isomorphism; the statement G~G has no topological import. The symbol = denotes topological group isomorphism; that is, we write G = G only if G and G are topological groups and there is a one-to-one function from G onto G which is simultaneously a group isomorphism and a topological homeomorphism. We occasionally use the symbol -in contexts where rigor, perhaps, demands =.
We often use the symbol e to denote the identity element of a group.
For an Abelian topological group G we denote by G the set of continuous homomorphisms from G to the circle group T. When G is locally compact, as in (2.1) and (2.2) |d| . For a space X and α; e X, we denote by wX and w(X, x) the weight of X and the local weight of X at a?, respectively. It is easy to prove that if X is locally compact (at x) then w(X 9 x) is equal to the pseudoweight ψ(X, x) of X at x; this is (by definition) the least cardinal number which is the cardinal of a family of open subsets of X whose intersection is equal to {x}. The following result may be viewed as a generalization of (2.3).
(2. 
For a topological space X we denote by C*(X) the set of bounded, real-valued continuous functions on X The space X is said to be pseudocompact if every continuous, real-valued function on X is in C*(X); for X a Tychonoff space, this is equivalent to the condition that every locally finite family of nonempty, open subsets of X is finite.
For a Tychonoff space X we denote by βX the Stone-Cech compactification of X.
( 
ie/
It is clear that if each X i is a (topological) group and p t = β<, then the J-product is also a topological group. (2.11) [See [9] , [14] or [22] .] Let {(?,:*el} be a set of compact groups and Σ the J-product of {G t : iel} at e. Then Σ is a countably compact (hence, pseudocompact) topological group.
We set P = {peZ:p is prime}. be the order of x in G and let L be a maximal independent set in G. Then {p^^x: x e L} is a basis for S.
(2.14) Corollary. Let G be an Abelian p-group with \G\ > ω and let S be the socle of G. Then |S| = |G|.
Proof. With L as in (2.13) we have \G\ ^ |L| a> and \S\ ^ \L\; from |G| > a) follows |S| = |G|, as required.
For an Abelian group G, we denote by tG or t(G) the torsion subgroup of G.
3* Larger topologies with no new closed subgroups* We show in this section (Theorem 3.5) that if a preudocompact group topology S~' is strictly finer than some compact group topologŷ 7 then not every ^"'-closed subgroup is .^closed. In the landmark paper [17] in which pseudocompact spaces {inter alia) were first introduced, Hewitt showed (Theorem 30) that a normal, pseudocompact Tychonoίf space is countably compact (the terminology of [17] differs from ours today); in particular, a pseudocompact metric space is compact. It is tempting then to conjecture that a first-countable, pseudocompact space is compact, but the Katetov-Isbell space ψ described in Problem 51 of [13] is a counterexample; indeed the space ψ is locally compact and every subset of ψ is a G δ . We show now that for pseudocompact groups, and for their quotients by (not necessarily normal) closed subgroups, metrizability is equivalent to the condition that every point is a G δ . LEMMA Combining the results of Lemmas 3.1 and 3.2, we obtain a characterization of pseudocompact groups which we have not found elsewhere in the literature. We note that in what follows it is not assumed that the group G is totally bounded, nor is it assumed that the subgroups H of conditions (b) and (c) are normal in G; of course additional equivalent conditions can be obtained by imposing this additional hypothesis in (b) or (c). (
a) G is pseudocompact) (b) for every closed, G δ subgroup H of G the coset space G/H is compact metric, (c) for every closed, G δ subgroup H of G the coset space G/H is compact.
Proof, (a) => (b) The group G is totally bounded (2.9) and there is a sequence {U n : Proof. Let U and V be neighborhoods of e in G such that U Π G = U and V 2 c ϋ. There is by (2.6) a closed, normal, G δ subgroup N of G such that Nd V. We set N= NnG and V= Vf]G; it is clear that N and V are as required.
We give the principal result of this section. Thus every ^"'-neighborhood of e contains a ^-neighborhood of e and we have ^~f c ^ as required.
We note that (as the proof above shows) it is not necessary to assume that every ^"'-closed subgroup is ^^closed, or that everŷ '-closed-G δ subgroup is ^^closed-G^; it is enough to assume that every ^"'-closed, ^"'-G δ , normal subgroup of G is ^-closed. 4* Larger pseudocompact group topologies* We have seen that a compact group topology cannot extend properly to a pseudocompact group topology with the same set of closed subgroups. We show in this section (Theorem 4.4) that under suitable conditions a compact group topology does extend properly to a pseudocompact group topology (in which, of course, certain subgroups not previously closed become closed). Our argument, which evidently is applicable only in special circumstances, is easily summarized: Given compact <G, ^"> we find a proper (dense) pseudocompact subgroup H of G with \G/H\ < ω and we take for J rf the topological group topology generated by J7~ and H.
We begin with two lemmas. Part (c) of Lemma 4.1 is a trifle out of place here: it belongs below in § 5. We prove 4.1(c) now because it is immediate from 4.1(a), which is needed immediately.
. Let G and G be compact groups, φ a continuous homomorphism from G onto G, H a subgroup of G and H = φ~ι(H). (a) // D is dense in H, then φ~ι(D) is dense in H. (b) // H is pseudocompact, then H is pseudocompact. (c) // H is totally dense in G, then H is totally dense in G.
Proof. (b) Suppose there is an (infinite) locally finite family {U n :n<ω} of nonempty, open subsets of H. We obtain the required contradiction by showing that for every p e H some neighborhood U of p meets <p[Z7J for only finitely many n < ω. We note first that Ψ'KIP}) is a compact subset of G and is a subset of H. Since {U n : n < ω] is locally finite in H and <p~\{p}) is compact there is an open subset V of H such that V Π U n Φ φ for only finitely many n < ω. There is a neighborhood W of e in H such that φ~\{p}) WdV; we set ZJ^p ^ΐίΠ and we see for N < ω that if there are w e W and u n e U n with p <ρ(w) = φ(u n ) then with g = u n w~x we have g e ^^({p}) and hence Proof. The dual group G of G is a torsion group; we write G = ® P epG p with G p the p-primary subgroup of G. Since \G\' = w(G) > ω there is peP such that |GJ > α>. We denote by S the socle of G p , that is, we write S = { % 6 G p : order of % = p} U {e} , and we note from (2.14) that \S\> ω and that S is (isomorphic to) the weak sum S = ® ίQI Z{p) with \I\ = a > ω. With A the annihilator of S in G it follows from (2.2) that there is a continuous onto homomorphism We set H = φ~\H) and we note from Lemma 4.1 that H is a dense, pseudocompact subgroup of G; it is clear that \G/H\ = p. THEOREM 
Lβί <G, ^"> δ€ α compact, totally disconnected Abelian group with w(G) > α). Then there is a pseudocompact group topology ^~' for G such that
Proof. There is by Theorem 4.3 a dense, pseudocompact subgroup H of G with 1 < Iff/Hi < ft). Let ^"' be the topology for G generated by ^~ and the finite family {xH\ xeG}; that is, for A cG we have ^1 e^"' if and only if for each xeG the set AΠ#iϊ is open in xH in the topology induced on xH by ^T It is clear that <G, ^'> is a topological group in which G, like any finite union of pseudocompact spaces, is pseudocompact. Indeed for ^Γ t~Z )^r every point of G is a ^ -G δ and hence a J7~' -G a , and if follows from Lemma 3.1 that if <G, ^~'> is a pseudocompact group then <G, J7~t s ) is compact and hence S~f = ^7 (b) In an early version of this manuscript (see also the abstract [8] ) the authors conjectured that the group T {ω+) in its usual compact, connected topology admits no proper pseudocompact topological group extension. Subsequently Lewis C. Robertson and the firstlisted author have shown the conjecture false; it follows that Theorem 4.4 remains valid if the hypothesis that (G, ^~) is totally disconnected is omitted. Details will appear in [4] .
We show below in Theorem 7.2 that there are many totally bounded group topologies on the circle whose closed subgroups are exactly the usual closed (compact) subgroups. (In view of Theorem 3.5, no such topology extending the usual topology can be pseudocompact.) We show now, denoting by &{^) the class of totally bounded topologies J/~' for an Abelian group <G, J^> for which ^ã nd ^Γ' have the same closed subgroups, that the partially ordered set /^?G5O has maximal elements. It is shown in [6] that every Abelian group G has a largest totally bounded group topology; this is, in fact, the topology induced on G by (G d )~ = Horn (G, T). It is, accordingly, perhaps tempting to believe that the proof of t Theorem 4.6 can be adapted to show that £%{J7~) has a largest element, namely the topology induced on G by the subgroup of (G d y generated by U {<G, Sfy\ Sf e^(JΠ} This attempt to strengthen Theorem 4.6 fails. We show in Theorem 7.2 below that (with ^ the usual topology for T) for i = 0, 1 there are S^e^{^) and 1, e <T, <9?>s uch that ker(% 0 Xi) is a proper ^dense subgroup of T; since ZQ*î s continuous in any topology for T containing S^ and &[, no such topology can belong to 5* On the existence of totally dense subgroups* We recall from § 4 that a subgroup H of a group G is said to be totally dense (in G) if, for each closed subgroup K of G, the set H f] K is dense in K. It is clear (upon taking K -G) that every totally dense subgroup is dense. It is clear also that if H is totally dense in G and K is a closed subgroup of G, then H Γ) K 3 {e} provided if =£ {e}. For G compact, the subgroups H oί G with this latter, weaker property are exactly the subgroups of G with no coarser (Hausdorff) topological group topology. That is: A totally bounded group <^g> admits no coarser group topology if and only if H Π K 3 {e} for every nondegenerate, closed subgroup K of the Weil completion H. These "minimal groups" have been studied extensively (see for example [27] , [lo] , [30] , [15] , [16] ). The totally dense subgroups of compact groups are exactly those subgroups which, together with all their Hausdorff quotients, are minimal groups [31] , [IS] .
In this section we establish the existence, under suitable conditions, of totally dense, pseudocompact subgroups.
We first remark that not every compact group has a proper, totally dense subgroup. Let G be a compact torsion group, xeG, K(x) the smallest closed subgroup of G containing x } and H a totally dense subgroup of G.
Since K(x) is finite and H Π K(x) is dense in K(x) we have H Π K(x) = K(x) and hence xeH.
Thus a compact torsion group has no proper totally dense subgroup. (For a concrete example take peP, a ^ ω and G = (Z(p) Proof It suffices to show that G contains a subgroup B isomorphic to (T α Γ; for then by (2.2) the annihilator A in G of B satisfies G/A ^ B ^ T α . Let I be a maximal independent subset of G, B the subgroup of G generated by I, and W the divisible hull (that is, the injective hull) of G. Then B = Φi.jZ, = (TT, and since \G\ = a it follows from that ω-\I\ <± a <ί ω \I\ and hence \I\ -a, as required. Proof. There are by Lemmas 5.1 and 5.2 a continuous homomorphism φ from G onto T α and a proper, pseudocompact, totally dense subgroup H of T α . We set H = φ~\H). Then H is pseudocompact by Lemma 4.1(b), proper in G since H is proper in G, and totally dense in G by Lemma 4.1(c).
REMARK 5.4. We showed in Lemma 4.1(c) that if G and G are compact groups, φ a continuous homomorphism from G onto G and H a totally dense subgroup of G, then φ~\H) is totally dense in G. It is not difficult to show that in this statement the requirement that G is compact can be replaced by the hypothesis that (G is a Hausdorff group and) G has the form G = G/N with N a compact, normal subgroup of G and φ the cannonical homomorphism. (Since we do not need this statement, we omit the details of the proof.) We note, however, that in general the inverse image under a continuous homomorphism of a totally dense subgroup need not be totally dense. For a simple example one may take the canonical homomorphism φ: R -» R/Z = T and the torsion subgroup tΎ of T; here φ~\tΎ), which is the group of rational numbers under addition, is not totally dense in R.
In the paragraph preceding Lemma 5.1 we showed that there are many compact, totally disconnected, Abelian groups G, even with w(G) > ω, with no proper, totally dense subgroup. There are, however, compact totally disconnected groups with such a subgroup. The following definition sets forth a useful concept; the positive result appears below in Theorem 5.6.
DEFINITION. Let G be a compact, totally disconnected Abelian group and for peP let G p be the ^-primary subgroup of the dual group G. Then p is abundant in G if \G P \ > ω. LEMMA Proof. We have noted already that every torsion element of a group belongs to every totally dense subgroup. It is clear in the present case that H is the torsion subgroup of G; statement (b) follows.
To prove (a) it is enough to show that for every closed subgroup K of G, the torsion subgroup tK of K is dense in K (for, as just indicated, tK is a subgroup of H). We have from (2.1) 6* On the cardinality of totally dense subgroups* We have described several groups G in which it is possible to find a proper, totally dense subgroup H; here we investigate the question whether H may be chosen so that in addition | JBΓ| is small relative to |G|.
Our interest in this general question arose when we recalled the so-called Hewitt-Marczewski-Pondiczery phenomenon (see for example [11] (Problem 2L) or [3] (Corollary 3.18)): for a ^ ω, a product of 5^2 α spaces with density character <;α itself has density character <;α. Thus for example the group T 2 " has a dense subset D with \D\ <; a; clearly the subgroup H generated by D satisfies \H\<>a. May H be taken totally dense? Are there models of ZFC in which some totally dense subgroup H of Ύ 2<x satisfies |jff|< 2 α ? \H\ < 2 2 *? It is questions like these which motivated the present section. THEOREM 
Let G be a locally compact, σ-compact group and H a totally dense subgroup. Then \H\^w(G) (and hence \G\ P
roof. If G is discrete we have w(G) = |G| <Ξ α> and H = G. We assume that G is not discrete, we denote by K the local weight of G at e, for xeH with x Φ e we choose by (2.6) a compact, G δ subgroup H(x) of G with x£H{x), and we set
Since K is a closed subgroup of G and K n H = {e} we have K={e). Denoting by ψ(G, e) the pseudoweight of G at e-that is, the minimal number of open subsets of G whose intersection is equal to {e}-we have and also (since G is locally compact) ψ(G, e) = K. Then from (2.4) we have
as required. For a compact group assumed Abelian, a stronger lower bound (on the cardinality of a totally dense subgroup) is available. It is convenient to separate our treatment of the connected and the totally disconnected cases; these are combined in Corollary 6.5. LEMMA 
Let G and G be topologίcal groups, φ a continuous homomorphism from G onto G, HdG and H = φ[H]. If H is totally dense in G, then ft is totally dense in G.
Proof. Let K be a closed subgroup of G and set K = φ~\K); then K is a closed subgroup of G. Since H is totally dense in G the set H f] K is dense in K and hence it follows that a ^ ω and hence \G\ = a ω .
We assume in what follows that \G\>2 ω , we note from \G\^= 2^ that \G\>ω, and using (2.12) we write G = φpepGp with G p the p-primary subgroup of G. We set
I={peP:\0,\>ω),
we note |/1 Φ φ, and for pel we denote by S p the socle S 9 = {Xe G p : order of 1 = p} U M .
We set α p = \S P \ and we note from (2.14) that a p = \G P \ for pel. Now let S = ©pe/Sp. For pel we have S p = φ e < αp 2Γ(j)) e and hence S p = (Z(p))"p. Since S = Πpe/S^ we have
We claim further that \S\ = \G\. Indeed We assume in what follows that IGI > 2 ω .
Let C be the component of the identity in G and φ the canonical homomorphism of G onto the totally disconnected group G/C. If \C\ = \G\ then from \C\ = 2 wC we have wC > ω and since Hf) C is totally dense in C we have The general conclusion to be drawn from the results above in this section is that a totally dense subgroup H of a compact Abelian group G cannot be much smaller (in cardinality) than G itself. It becomes reasonable to ask: is \H\ < \G\ possible? The answer here is "Yes": take G = Jl P&P Z{p) Let us notice at this point, following Corson [9] , that the subgroup H of G in the proof of Theorem 6.6 is (/-compact and hence Lindelof. (The proof is not difficult: The group G is naturally identified with a product ΐl ξ<a F ξ with a = Σ*ep<*j> and with F ζ a finite group for ζ < α; writing £Γ n = {x e JET: I {f < a: x ξ Φ e ξ ) | <; n) for w < ω we see that each set H n is closed in G and hence compact, and that H = Un<ω fln ) Since if is dense and proper in G it is not pseudocompact, for a pseudocompact, Lindelof space is compact. In an early version of this manuscript the authors, motivated by these observations, raised (but could not solve) the following question: Are there a compact, Abelian group G and a totally dense, pseudocompact subgroup H such that \H\ < |G|? Subsequently the firstlisted author and Lewis C. Robertson have shown that this question is undecidable on the basis of the usual axioms of Zermelo-Fraenkel set theory. A precise statement will appear, together with related results, in [5] .
While it is not difficult to find pseudocompact groups that are not countably compact (to the best of our knowledge it was Kister [22] who first explicitly considered this question), the Jί-products defined above and used in various connections are in fact countably compact; indeed they have the stronger property that each of their countable subsets has compact closure. In view then of the ready availability of proper, dense, countably compact subgroups of (many) compact groups, it is perhaps reasonable to ask a "strengthened" form of the question above: Are there a compact (Abelian) group G and a totally dense, countably compact subgroup H such that H\ < |G|? We now answer that question in the negative. THEOREM 7* Some totally bounded topologies on T. We have noted already that every pseudocompact group topology is totally bounded and we have shown that no pseudocompact group topology properly extending a compact group topology can have the same family of closed subgroups. We show in this section that there exist many totally bounded topologies for T with the same closed subgroups; our construction allows us to deduce, somewhat unexpectedly (cf. Remark 4.7), that there is no largest such topology.
For peP we use the symbol Z(p°°) as usual and we recall the isomorphism T cz (® peP Z(p^)) ©R (cf. [18] (A. 14) or [12] (23.1) ). When convenient we identify Z{p°°) and R with their natural copies inside T (that is, we write Z(p°°) cT and RcT) and we write T additively, using the symbol 0 to denote the identity of T (or of any of the groups Z(p°°), or of R). 
It is clear that K = (fB,K(p))®K(K).
Thus to show \K\ < ω it is enough to show the following three statements. Proof. For p 6 P with p > 2 we choose and fix ^ e Horn (Z(p°°)), Z(p°°)) as in (the proof of) Theorem 7.1 and for £ < 2 ω we choose gleϊlom(Z(2 00 ) f Z(2°°)) so that {gi: £ < 2 ω } U {i 2 } is independent. We define fi^f P = P'9 P + [p m V% for 2 < p 6 P, £ < 2% Λ* = 2 flrί+ [2 1/4 ] i 2 for £ <2 ω , /ί =/. = !/2" i B for £<2 β , and we define feHom(T, T) so that f*\Z(p~) = fξ for peP and f*\Jl=:fl u We note that each f* is a homomorphism as in (the statement of) Lemma 7.1.
For ξ <2 ω let 3ff{£) be the subgroup of Horn (T, T) generated by <T, J"~y U {f} and let ^7 be the topology induced on T by 
